The Schelling model of segregation between two groups of residential agents (Schelling 1971; Schelling 1978) reflects the most abstract view of the non-economic forces of residential migrations: be close to people of "your own". The model assumes that the residential agent, located in the neighborhood where the fraction of "friends" is less than a predefined threshold value F, tries to relocate to a neighborhood for which this fraction is above F. It is well known that for the equal groups, depending on F, Schelling's residential pattern converges either to complete integration (random pattern) or segregation.
neighborhood where f < F decides to leave the cell and relocate to the closest empty cell satisfying the condition f ≥ F.
S6.
Information about a cell left by an agent becomes immediately available to all
agents.
In what follows we call S1 -S6 the "standard settings" of the Schelling model.
Note that the standard settings are incomplete, for example, they are insufficient to resolve the situation when none of the vacancies satisfies the condition f ≥ F. As a result, one should be careful when comparing results of different studies.
The most general view of the Schelling model dynamics is as follows:
-In case of weak tendency to reside in a friendly neighborhood (low F), the model's residential pattern converges in time to the pattern that is visually indistinguishable from the random one ( Figure 1a ). 
Fine and rough effects in the Schelling model
The Schelling model is formulated "verbally", and is studied mainly by simulation 2 .
Several studies implement the model with minor deviations from the standard settings. Flache and Hegselmann (Flache and Hegselmann 2001) weakened condition S1 and investigated the model for irregular partition of the plane into polygonal units and definition of neighborhood on the basis of polygons' adjacency. They demonstrate that convergence to the segregate or the random pattern is characteristic of the model irrespective of size and form of the neighborhood. Laurie and Jaggi (Laurie and Jaggi 2002; Laurie and Jaggi 2003) weaken the condition S1 in another way and investigated the Schelling model dynamics in respect of the size R of the cell's neighborhood. They claim that for given F, the number of homogeneous patches in the patterns decreases, and they become larger with the growth of R.
Portugali et al (Portugali, Benenson et al. 1994; Portugali and Benenson 1995) weakened condition S5 and essentially extended Shelling's aforementioned remark regarding group-specific F (Schelling 1978, p. 153-154) by demonstrating that symmetric behavior of the B-and G-agents behavior is not at all necessary for segregation. They show that the model's residential pattern can converge to segregate even if the agents of one type only react to neighborhood structure, the agents of another type being fully tolerant of it.
Note that the Schelling model is not structurally stable and its dynamics can qualitatively change when one of the conditions S1 -S6 is altered. The Netlogo version of the model, for example (http://ccl.northwestern.edu/netlogo/), displays unstable spatial patterns for the values of F close to unit. However, as one can easily find by checking the model code -the agents in the Netlogo implementation do not verify the condition f ≥ F when choosing the vacant cell and relocate to the arbitrary vacancy.
Several papers extend the Schelling model to a multi-dimensional characterization of agents, that is, they vary condition S2. Some of the papers (Benenson 1999; Portugali 2000; Fossett 2006b; Benard and Willer 2007) vary condition S2 by consider agents who, in addition to the Boolean "color", are characterized by the continuous "economic status", which can be compared to the cells' price. As might be expected, the system dynamics in this case becomes more variable, and depends on way the agents' reactions to the neighbors' color and status are combined in utility function.
Preserving Schelling's Boolean view of the agents' properties, Benenson (Benenson 1998 ) characterizes agents by K > 1 Boolean characteristics, which results in 2 K instead of just 2 "phenotype" groups. Given the size of the grid, these groups become too many with the growth of K, and the model dynamics exhibits unstable but persistent regimes in which a few homogeneous groups of a given phenotype repeatedly segregate, persist for some time, and then dissolve and are substituted by the segregate groups of the other phenotypes.
A qualitatively different way of varying the S5 condition is to assume that unsatisfied agents exchange their places rather than search for a vacancy over all unoccupied cells. This view has recently attracted the attention of several researchers (Pollicott and Weiss 2001; Zhang 2004) , who also assume that the preferences of agents are non-monotonous, and they might prefer neighborhoods with a low fraction of foreigners to those occupied exclusively by friends. The dynamics of the model patterns in this case is more complex than the random-segregate dichotomy.
However, this model qualitatively differs from the standard settings in its mathematical properties and we thus consider this formulation as different from Schelling's original.
Another , "Bounded Neighborhood" version of the Schelling model (Schelling 1978, p. 155) , is based on partition of grid space into blocks larger than a cell. No matter where the agent is located in the block, it reacts to the fraction of friends all over it, and leaves the block if the fraction of friends there is below F. Different agents, however, react to different threshold fractions of friends, and the main parameter of the "Bounded Neighborhood" model is distribution of agents' F-values.
The analytical (and non-spatial) investigation of this version of a model was started by Schelling (Schelling 1978) and continued by Clark (Clark 1991; Clark 1993; Clark 2002; Clark 2006) , who demonstrated that similar to the basic version of a model, the block population remains mixed if the fraction of the agents able to stay in a block despite a low fraction of friends is sufficiently high.
A spatial version of the "Bounded Neighborhood" model, in which agents migrate among cells of the blocks, has been investigated in depth in a series of recent simulations by Fosset (Fossett and Waren 2005; Fossett 2006a; Fossett 2006b ), who also directly relates the model's results to residential patterns in the real-world cities.
In terms of conditions S1-S7, Fosset varies condition S2 and considers the population of agents of the three residential groups -White, Black and Hispanic, who, in addition, differ in economic status. The aggregate units are 7x7 cell blocks and the city is represented by the 12x12 grid of blocks. Fosset investigates the relationship between ethnic and status segregation, and concludes that this interaction can limit our ability to integrate the ethnic groups. Specifically, he points out that reductions in housing discrimination may not necessarily lead to large declines in ethnic segregation.
Several attempts to apply the Schelling model to the real-world situation could not avoid varying several of the conditions S1 -S6 simultaneously (Benenson, Omer et al. 2002; Koehler and Skvoretz 2002; Bruch and Mare 2006 
Detailed description of the model
In what follows we consider the Schelling model in discrete time and space, where a city is a torus grid of cells, populated by B-and G-agents, who act in discrete time t = 0, 1, 2, … (we omit index t unless the meaning becomes ambiguous). At each time step (below, iteration), every agent decides whether and where to relocate. Agents are considered in a random order, which is established anew with each iteration. We follow Schelling's condition S6, and assume that an agent observes the changes of system immediately after they happen. Formally, this view corresponds to asynchronous updating (Cornforth, Green et al. 2005) .
Model rules and definitions
Let us consider the torus city of cells of NxN size, each cell can be occupied by one residential agents and the fraction of occupied cells in the city is d. Agents can belong to one of two type -B(lue) or G(reen). An agent a located at a cell h, remains there, or relocates, in respect to the fraction of friends (agents of the same type) within the neighborhood of h. In what follows we consider as a neighborhood a square of (2*r+1)*(2*r+1) size with h in a center, excluding h, and call r the radius of the neighborhood
For an agent a located at cell h let us denote -neighborhood of h, excluding h itself, as U(h).
-fraction of a-type friends among the agents located within U(h) as f a (h).
-minimal fraction of friends necessary for a's staying within U(h) as F.
We assume that -An agent a can relocate by the reasons independent of the number of friends within the neighborhood (we call this below "random reasons") with probability m.
-When relocating, an agent is able to consider and compare not more than w vacant places.
-The awareness of the agent a located at h about the vacancy v does not depend on the distance between h and v.
To decide whether to relocate or not an agent a according to the following rules:
Step 1: Decide whether to try to relocate:
-Estimate f a (h) by dividing the number of agents of a-type within U(h) by the overall number of agents there i.e., ignoring h and empty places within U(h).
-Generate a random number p, uniformly distributed on (0, 1).
-If f a (h) < F or p < m then memorize f a (h) and decide to relocate, otherwise decide to stay at h.
Step 2: If the decision is "to try" then search for the new location and decide whether to move there:
-Construct set V(a) of opportunities by randomly selecting w vacancies from all vacancies existing at a moment.
-Estimate utility u a (v) of each v ∈ ∈ ∈ ∈ V(a) as min(f a (v), F) i.e., assuming that all vacancies with F and higher fraction of friends have the same utility F.
-Select the vacancy v best ∈ ∈ ∈ ∈ V(a), whose utility u a (v best ) is the highest among all v ∈ ∈ ∈ ∈ V(a). If there are several best vacancies, choose one of them randomly.
-Move to v best if
• the fraction of friends at a current location is low -u a (h) < F -and the migration would improve it -u a (v best ) > u a (h)
• the reason of migration is other than unfriendly neighborhood -u a (h) ≥ F -and a new neighborhood is friendly enough -u a (v best ) ≥ u a (h).
-Otherwise stay at h.
The sequence of model events is presented in Figure 2 .
Let us emphasize that following Schelling's (Schelling 1978) view, model agents are "satisficers" (Simon 1982) i.e., they can migrate between two vacancies as far as both have a fraction of friends equal to F or above. We thus might expect the liquidlike system dynamics (Vinkovic and Kirman 2006) . Below we discuss the "maximizer's" view, when a utility u a (v) of the location v for a equals to the number of friends within U(v).
Let us specify the parameters' space and the way we describe the model's results. 
Model settings, investigated parameters and initial conditions
The model settings are presented in Table 1: We investigate the model's dynamics for the following set of parameters:
-Moore neighborhood of the radius r = 1 to 4.
-The fraction β β β β of the minority B-group as varying on [0, 0.5].
-The threshold intolerance F as varying on [0, 1].
Note that for a neighborhood of a radius r, the number of friends can vary between 0 and n(r) = (2*r+1)*(2*r+1) -1. That is, for given r we can study the system's We do not account for the bias in (2), which is close to -1/(N-1) (Anselin 1995) Our model is stochastic, and below we call "persistent" the patterns whose characteristics remain within the same interval of variation for a period of time which is many times longer than the time it took the system to converge to this pattern.
The criteria of patterns' randomness and segregation
To recognize random-like patterns we employ a permutation test for the 100x100 or 50x50 city. For the 100x100 city, the 95% confidence interval of Moran I is close to (-0.002, 0.002), and 99% confidence interval is close to (-0.004, 0.004), while for the 50x50 city these intervals are about (-0.02, 0.02) and (-0.03, 0.03),
respectively. In the following we thus consider the 50x50 pattern non-random in case of Moran I > 0.03 3 . Note that Moran I can be insufficient to fully characterize the non-random patterns and we would employ, when necessary, additional indices.
The basic view of the Schelling model dynamics
Our numeric experiments demonstrate that for initially random pattern, depending on F, the model's dynamics can be considered as comprising of two phases. These Table 1 , the first phase takes at most some hundred iterations. To avoid the problems related to length of this phase we chose the pattern at t = 1000
as representing the state of the system at the end of the first phase.
Long-run evolution of the pattern characteristic of the stochastic model should also be treated with care, and typical practice is to run the model for some ten million iterations (Vinkovic and Kirman 2006) in the hope that the pattern at the end of this extremely long period is in a persistent state. In what follows we employ the long runs of 5000/m time steps that is, of t = 500000 for the exploited value m = 0.01 4 .
Schelling's basic case -two groups of equal size (β β β β = 0.5)
This case of β β β β = 0.5 corresponds to Schelling's original formulation, and our goal is to reproduce the qualitative result, i.e., that for low F the residential distribution converges to a random pattern and for high F it converges to a segregate pattern. To verify, we performed 30 model runs for each value of F given by (1), for r = 1, 2, 3 and 4, and for two types of initial conditions, random and segregate. We recorded the pattern and the value I 1000 of the Moran I at the end of the first phase, i.e., at t = 1000, and then at t = 5000*k, k = 1 to 6. The results are presented in Figure 4 and one can easily note that the model does reproduce Schelling's dichotomy -for each r and F the patterns converges to either random or segregate one. To characterize the model behavior, let us denote as F r,rand,1000 the maximal value of F that for any initial pattern results in a random-like pattern at t = 1000.
Respectively, let F r,segr , 1000 be the minimal value of F that for any initial pattern results in a segregate pattern at t = 1000. Columns 3 and 4 of the Table 2 presents the values of F r,rand , 1000 and F r,segr , 1000 for r = 1 to 4. As may be expected, with the growth of t the influence of the initial conditions weakens. Let us denote as F r,rand the maximal F-value at which, for any initial distribution of agents, the pattern remains random for t ∞. Similarly, let F r,segr be the minimal F-value at which, for any initial distribution of agents, the pattern remains segregate for t ∞. According to our numeric experiments, at t = 500000 for r = 1, 2, and 3, F r,segr = F r,rand + 1/n(r). That is, in a very long run, the model pattern does not depend on initial conditions for r = 1, 2, and 3. For r = 4 the situation is more complicated (Table 2) . Namely, for F = 18/80 to 21/80, the initially random pattern remains random, while the initially segregate pattern remains segregated up to t = 500000. On the base of (Durrett, 1999) we expect that 500000 iterations may be yet insufficient for pattern convergence in these cases , but delay the investigation of these dynamics to further studies.
Note that for all r the value of F r,segr is lower than F ~ 1/3 given by Schelling.
Let us now extend the standard framework and investigate the dynamics of Schelling's model, assuming that the B-agents are the minority in the city.
4.
The minority patterns (β β β β < 0.5)
The new -mixed -pattern
The study of the Schelling model dynamics for the case when the B-agents are the minority that is, β β β β < 0.5 reveals the major new patterns, which are neither random nor completely segregate and have not yet been ascribed to Schelling model. Below we call these patterns mixed. In the mixed patterns, part of the area is occupied by the members of majority exclusively, while the rest is occupied by agents of both types (Figure 5a -c). 
Characterization of the mixed patterns
The patterns in Figure 5 clearly show that to investigate the mixed patterns we have to characterize both its segregate and aggregate parts. The Moran I calculated for the entire city, as above, is insufficient.
To characterize the mixed pattern let us divide it into four parts ( Figure 6 ). First, let G^ be the part of the city occupied by the majority group G exclusively. We distinguish between internal part iG^ and the boundary nG^ of G^. A cell h ∈ iG^ if h and all cells of the U(h) are either occupied by G-agents or are empty; cells than belong to neighborhood of some cell from iG^, but not to the iG^ itself, form nG^.
Second, let G + be the complementary to G^ part of the city. In case of a segregate city, G + is a homogeneous part occupied by the minority; otherwise G + represents the heterogeneous part of the city. We define the internal part iG + of G + as all cells h whose neighborhood U(h) does not intersect G^, and the boundary nG + as all cells h that belong to the neighborhood of some cell from iG + , but not to iG + itself.
Note that the union of G^ and G + covers the entire city ( Figure 6 ) and with an increase in r, iG^ and iG + shrink, while nG^ and nG + become wider. -The area S(G + ) of a mixed part G + , as a fraction of the entire city area;
Study of the mixed patterns
The hypothesis that can be formulated on the basis of the Figure 5 is as follows. For β β β β < 0.5, three types of persistent patterns -random, mixed and fully segregatedsubstitute each other with the growth of F.
To test this hypothesis let us denote as F r,rand (β β β β) the maximal F-value at which, given β β β β, the persistent pattern is random for any initial distribution of the agents when t ∞. Respectively, let us denote as F r,segr (β β β β) the minimal F-value at which, given β β β β, the pattern remains segregated for any initial distribution of the agents when t ∞. In what follows we limit ourselves to the cases r = 1 to 3.
By definition, for F ∈ ∈ ∈ ∈ [0, F r,rand (β β β β)] the city is random, and for F ∈ ∈ ∈ ∈ [F r,segr (β β β β), 1] the city is segregated. For r = 1 to 3, and investigated case of β β β β = 0.5, F r,rand (0.5) and To verify this hypothesis we performed series of simulation runs for the 50x50 city.
We investigated the values of r = 1 to 3, the values of F given by (1), and β β β β varying between 0.05 to 0.45, with the step of 0.05. The remaining parameters are as presented in Table 1 . We performed regular investigation for the case of β β β β < 0.5 for The analysis of simulation results leads to the following conclusions:
-The values of F r,segr (β β β β) do not depend on β β β β, so F r,segr (β β β β) = F r,segr (Figure 7a ).
-The lower β β β β, the wider the interval [F r,rand (β β β β), F r,segr -1/n(r)] ( Figure 7a , gray).
-Agents' spatial pattern within the internal heterogeneous part iG + is random (Figure 7b ).
-The density β β β β + + + + of the B-agents in G + is always higher than β β β β, grows with the increase in F within [F r,rand (β β β β), F r,segr -1/n(r)] and passes β β β β + + + + = 0.5 for F = F r,segr -1/n(r) (Figure 7c ).
-The area of G + (β β β β) as a fraction of the entire city area decreases with the increase in F within the interval [F r,rand (β β β β), F r,segr -1/n(r)], , approaching β β β β when F exceeds F r,segr (Figure 7d , e). Note that in the case F = 11/48, 5000 iterations are insufficient for convergence and both mixed and close to segregate G + -patterns are observed.
The results of the analytical study confirm simulation results (see Appendix)
Discussion and conclusions
Basically, our description of the persistent patterns just extends Schelling's initial observations (Schelling 1978), p. 147-148) . Given the neighborhood's radius r and the fraction of minority β β β β, the model's pattern converges to one of three (and not two, as claimed by Schelling) persistent states. The state is defined by F, and the [0, 1] interval of F variability can be divided into three parts: F ∈ ∈ ∈ ∈ [0, F r,rand (β β β β)] entails the random pattern, F ∈ ∈ ∈ ∈ (F r,rand (β β β β), F r,segr ) the mixed pattern, and F ∈ ∈ ∈ ∈ [F r,segr , 1]
For F ∈ (F r,rand (β β β β), F r,segr -1/n(r)] the pattern consists of a homogeneous part, which is occupied by the majority, and a mixed part, which is randomly occupied by an equal number of agents of both types. The density of the minority in the mixed part is always higher than β; β; β; β; given β β β β, the density of the minority within G + grows with the growth of F.
For the investigated values of the population density d and probability of spontaneous migration m, convergence to the persistent pattern takes several hundred iterations for all F besides the values that are just below F r,segr . In the latter case the convergence requires more time and, moreover, for r = 4, and three consecutive values of F k just below F 4,segr = 21/80, the residential pattern remains, at t = 500000, random or segregate depending on whether initial conditions are random or segregate (Table 2 ).
Let us discuss the meaning and possible interpretation of the results in regard to our starting point: residential distribution in the city. 
The robustness and sensitivity of the Schelling model

Satisficer behavior of agents: According to
Step 2 of the agent's behavioral rules, the model's agents are satisficers (Simon 1982) , that is, they do not distinguish among potential locations provided the number of friends there is above the threshold. To investigate the importance of this assumption, we substituted the satisficer's choice rule with the maximizer's one: the more friends the better. Formally, the maximizer agent a estimates the utility of vacancy h as f a (h) -F. The lengthy time of convergence to the persistent pattern for the values of F close to F r,segr has essential consequences when the demand for friends in neighborhood F changes over time. Let us consider the dynamics of the residential pattern in the city, where the preferences of the residents evolve.
Dynamics of residential distribution in the city where residents' tolerance level evolves
Let us consider the city in which initially "good" relationships between the agents of the B-and G-groups, formally expressed as zero or low F deteriorate and the value of F grows. To illustrate, let us consider the case of r = 3 and assume that initially zero F grows at a rate ∆ ∆ ∆ ∆F=1/48 (minimal feasible change) every 20 iterations.
With the growth of F, the pattern initially does not change at all (Figure 9 , lower curve until F exceeds F r,segr . As one can see, for ∆ ∆ ∆ ∆F=1/48 per 20 iterations the pattern remains random until F reaches 15/48 (i.e., essentially above F 3,segr ) and then segregates in 60 iterations only, i.e. externally seems quite sudden.
However, should relations improve again, a long time must pass for the segregated pattern to dissolve. As can be seen from the upper curve in Figure 9 , the segregated pattern will persist almost unchanged for the first 200-300 iterations, until the value of F will not decrease to very low values, much below F 3,rand . It will take at least 500 iterations to get back to the "integrated" pattern. 
Further studies
The minority-majority case is a first step toward full investigation of the Schelling model dynamics. The next step should be investigation of model's dynamics and persistent patterns in case of different demands of B-and G-agents regarding the fraction of friends in the neighborhood (Schelling 1978, p. 153-154) . In the next paper (in preparation), we consider the case of F B ≠ F G and more general case of heterogeneous in regard to the F, B-and G-groups.
Appendix: Mean-field view of the persistent minority-majority patterns
A rough theoretical view of the minority-majority pattern can be obtained if we ignore spatial dependency between the overlapping neighborhoods. To make the formulae shorter, we assume below that d = 1.0, i.e., all cells are occupied.
Let us remind that G^ denotes the homogeneous part occupied by the majority, and G + is the rest of the city (Figure 6 ).
Ignoring the overlap between neighborhoods, the probability p k that for a given fraction of minority population β β β β, the number of B-agents within the neighborhood of radius r equals to k can be estimated on the basis of binomial distribution
where C(n, x) is a binomial coefficient, and n(r) is the number of cells in the neighborhood.
Consequently, the probability P k that the number of friends in the neighborhood is below or equal to k is Note that given F, the minimal number of friends in a fully occupied neighborhood of a persistent pattern should be k(F) = F*n(r), i.e. every B-agent located at h within G + has at least k(F) friends in U(h). That is, for a persistent pattern, given k(F), the probability P k(F)-1 that there are k(F) -1 or fewer friends in U(h) is close to zero. Below we set "close to zero" as lower than 1/β β β β*N*N, i.e., on average less than one B-agent in the city resides in a neighborhood with less than k(F) friends. Table A1 . To estimate F r,segr let us consider the persistent mixed pattern, in which the Bminority is entirely located in G + . At this stage the fraction of the B-agents in G + equals β β β β + (k(F)) or is higher. Let us now note that for values of β β β β + larger than 0.5, G + cannot be heterogeneous, and, thus should consist of the minority agents only.
Indeed, in case of heterogeneous G + , the neighborhood of the B-agent located on the boundary of the G + cannot contain more than half B-agents. That is why the value of F r,segr is the value of F that entails β β β β + = 0.5.
In case of r = 3, the value of β β β β + (k(F)) = 0.5 is achieved for the k(F)-value after the last given in Table A1 , i.e., for k(F) = 13, thus providing the theoretical estimate 
The obtained values of the k(F) provide estimates of F 3,rand (β β β β) which are quite close to the numeric ones (Table A2) Let us note that despite the arbitrary choice of the "less than one cell" condition of 1/(β β β β*N*N) in (A2) and (A3), the sensitivity of the results to this value is low. The results do not change if we employ a "half-cell", or even a "tenth of a cell" condition. 
